Coalescence of fullerene cages and nanotubes can lead to the formation of novel and useful structures. We analyze the Stone-Wales ͑SW͒ paths for such fusion processes, compute and compare their energy costs, and demonstrate how the paths are determined by the initial orientation of the merging fragments. We also emphasize the versatility of SW transformation by presenting the topological possibility of the gradual penetration of a buckyball through the wall of a nanotube.
While isomerization events 1 correspond to monomolecular reactions, A→A 1 →A 2 →•••, lately another group of relaxation processes has attracted a great deal of interest. These correspond to the fusion of two initially separate cages, a bimolecular process AϩB→AB, as observed in several cases of such ''nanowelding,'' usually at high temperatures or under an electron beam. 8 Recent theoretical analyses and simulations of cap-to-cap coalescence of various nanotubes, as well as cap-to-wall welding, 3, 4 showed that SW paths could always be found, although there is no rigorous proof that this is universally the case. Interestingly, the revealed ''depth'' of coalescence has gradually increased, when traced through a series of studies. Primary linking has been investigated in the polymerization of C 60 cages by several groups. 9, 10 The structure and formation of a joint hollow cage have been considered related to negative curvature. 10, 11 Ueno et al. 2 first reported a complete, ''seamless'' fusion of two buckyballs through a series of SW rotations, where a specific path was found through a computational search. Finding the most favorable SW path connecting two substantially different shapes can be a challenging task considering the tremendous number of possibilities, N!/(NϪn)!, with n being the number of rotated bonds of the N total bonds in the merging cages. A computational search, even assisted by several constraints, can hardly go beyond several tens of steps for a system with 120 atoms. 2 Some analytical guidelines provided in Refs. 3 and 4, although could not be formalized into a rigorous algorithm, prove to be helpful in identification of the SW paths of substantial depth ͑up to 68 in Ref. 3 and up to 237 steps in this report, below͒.
Several examples provide convincing evidence of the possibility of fusion, with the main sequences of SW rotations being generally similar. In contrast, we note that the initial stage differs according to initial orientations of the merging cages. This is important in view of potential applications of such welding process when heterogeneous nanoelectronic components ͑T junction, rectifying segments, quantum dots, etc.
12 ͒ can be engineered by welding of precisely oriented, separate units. Even for identical components like a pair of buckyballs, the path is determined by their initial docking, or mutual orientation before the covalent bonding occurs, as is shown below.
In this paper, we analyze the SW sequences for C 60 ϩC 60 →C 120 coalescence, compare the corresponding nucleation barriers, 13 and discuss transferability to the case of nanotubes. Then we present, as illustration of the surprising topological versatility of SW sequences, an extremely long process in which an exterior buckyball continuously penetrates through the perfect wall of a nanotube and enters its interior, as in a peapod arrangement. 14 Due to the interest in cap-to-cap fusion of single-walled carbon nanotubes ͑SWNT's͒, we previously derived a SW sequence that transforms two ͑5,5͒-nanotube caps into a section of continuous ͑5,5͒ tube. 3 In this case the geometry of the nanotube imposes a specific orientation at the beginning of the process, an apex pentagon-to-pentagon docking, like 5…"5. The most favorable is the /5-staggered ͓rotated around the nanotubes axes, see Fig. 1͑a͒ in Ref. 3͔ initial orientation of the pentagons, 5…"5 Ј. This directly suggests the same SW path, 5…"5 Ј, for the buckyballs. 4 In the presence of a series of C 60 's in a peapod, such a path is transferable, that is, it can be repeated after some short tubular segments have already formed and can eventually lead to transformation into a ͑5,5͒ tube inside the ͑10,10͒.
For a pair of free buckyballs, another initial docking has been considered, 2 which has two aligned double bonds, each one in the center of 5/6/6/5 pyracylene. Denoted here correspondingly as P…"P, this orientation conveniently permits standard polymerization as the first step.
9 Figure 1 shows the initial steps for both P…"P path 2 and 5…"5 Ј path, 3 and the energies computed for the intermediate structures using both tight-binding 15 and first principles 16 methods. In both cases the highest energy structure is no. 2, where a purely SW sequence begins. In the 5…"5 Ј path, the initial orientation of consists of only 16 SW steps, six steps shorter than the path P…"P, which requires global reorientation of the whole C 60 structure. Figure 1 shows that the P…"P path has a somewhat lower barrier than the 5…"5 Ј, and the standard dimerization should naturally be assumed to be the initial step of coalescence. However, relating the P…"P path to multiple C 60 fusion inside a thicker tube 14 runs into serious difficulty: C 60 cannot approach the cap of a ͑5,5͒ tube in such an orientation; if one assumes that the coalescence starts from an already polymerized chain of C 60 's, then to accommodate the reorientations during the fusion process is impossible. In contrast, the 5…"5 Ј path does not require reorientation, is directly repeatable in a series of C 60 , and has a good transferability to nanotubes.
Recently, an action-derived molecular dynamics simulation of C 60 coalescence 5 identified the later ten SW rotations of the 5…"5 Ј path. Instead of polymerization and six bond rotations leading to the primary ͑5,0͒ neck structure, a gradual opening of the two apex pentagons is observed, due to the rigid initial orientation in the simulation. This small opening in the initial stage might be feasible, especially when the process is far from equilibrium. One more distinct possibility is a hexagon-to-hexagon 6…"6 Ј docking of buckyballs. 5 The path found had noticeably higher activation barrier than in the 5…"5 Ј case. Neither P…"P nor 6…"6 Ј paths are possible for the coalescence of icosahedral cap pairs, with pentagons at the cap apexes. As mentioned above, although the initial steps specifically depend on the mutual docking orientation of the cages, a continuous SW path can usually be found, generally guided by a macroscopic scenario of the emerging and widening neck. The question one may ask is how versatile are these paths? Motivated by the phenomenon of peapod formation 14 and the morphological changes known in cellular biology as processes of endocytosis, 17 we have attempted to identify a topological path for a penetration of C 60 into an intact nanotube. Surprisingly, such morphing turns out to be topologically possible, as Fig. 2 demonstrates. Figure 2 shows only the key snapshots 18 of the above process. The initial point is a buckyball outside a ͑10,10͒ tube, denoted as no. 0 ͑step 0͒. The initial steps are the same as in C 60 dimerization, except that the tube bond in the fourmember ring is a circumferentially aligned one, more strained and hence easier to break. In the second step, two bonds in the four-member ring, other than those formed in polymerization, break to restore a shell structure to the whole system so that only SW rotations follow. In the neck structure at step no. 13, eight heptagons are found around the neck while eight other pentagons are left on the cap, and from this step no polygons larger than a heptagon are needed. At no. 27, the neck is larger than the cap and a hump is gradually formed from the original C 60 . The total energy gets lower as the mount spreads. Therefore, energy consideration would favor a lower hump, as flat as possible. We found through trials that less than 100 steps would produce a mount with the lowest energy, containing only two pentagons on the top and two heptagons at the base. So far, the SW path was derived following essentially the same rules as in Ref. 4 .
However, at this point, the energy begins to increase, in qualitative agreement with the visual curvature change: while the hump's exterior smoothens, a concavity formation begins, first with two pentagons and several surrounding heptagons, no. 71. These two pentagons are positioned in the same way as in C 60 , serving as a nucleus of the aimed interior C 60 . Further, the atoms are transported from the exterior hump to the bottom of the deepening concavity ͑from a mass-transport point of view͒, and more pentagons are created in the concavity ͑following the topology requirements for the emerging C 60 structure͒. This is shown in steps no. 71 through no. 177. A ''bud'' capped by a semisphere of C 60 in no. 213 introduces a large strain, which is then released through necking-off, no. 225. The following is approximately the reverse of the initial steps no. 0-13, ultimately leading to a separate, nested buckyball after two non-SW instance of rebonding and bond breaking occur after no. 235. Figure 3 shows the energy changes along the complete SW sequence of 238 metastable structures ͑local minima͒. For faster calculations, Tersoff-Brenner potential 19 is used and the ends of the ͑10,10͒ tube are free. No van der Waals ͑vdW͒ interaction is included. With vdW interaction considered, estimates show that the final state energy should be ϳ2.7 eV lower than the initial state because of the stronger vdW attraction for the interior C 60 , 20 and the barrier should also be lowered by ϳ1Ϫ2 eV. The overall barrier of 12 eV is very high from a thermal point of view ͑approximately 0.1 eV per atom involved in the transformation͒, so the process may not be physically feasible although the topological path is clearly found. However, this energy corresponds to about 5% of mechanical strain, and therefore can be significantly reduced by bending deformations, from a random disturbance in the turbulent environment or applied deliberately, if possible. Another facilitating factor can be defects, especially vacancies in the wall. In an extreme case wall penetration can be aided by a large hole of opening, where the C 60 adsorbed nearby can fall through ͑driven by reduction in the vdW potential mentioned above͒, as recently discussed in detail. 21 In summary, through topological analysis based on StoneWales bond rotations, we have identified and compared possible reaction paths corresponding to coalescence of two C 60 or cap-cap tube coalescence. Although there is yet no direct experimental identification of the paths at the atomic level, the energetically favorable and topologically transferable SW sequence seems to be highly plausible for the C 60 coalescence. 23 We have also demonstrated the SW sequence for a C 60 penetration through the wall of a carbon nanotube. Its energy barrier is very high, but might be reduced by mechanical bending or other concurrent deformation or defects in the wall. Although unlikely feasible from the energy barrier point of view, perfect wall permeation shows topological versatility of SW paths in fullerene shape transformations.
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FIG. 3. Energies of 238 intermediate metastable structures
͑computed with multibody Tersoff-Brenner potential͒ for the process of ''peapod endocytosis.'' Highlighted are the energies corresponding to the subset shown in Fig. 2 , where the topmost structure has the highest energy due to the high strain involved.
